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Abstract
In this article we give a sufficient condition for almost alternating diagrams to represent a non-
trivial knot or a non-splittable link. Using this result, we determine which special almost alternating
diagrams represent the unknot or a splittable link. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
As one of the most basic questions in knot theory, the decision problem of triviality and
splittability of links represented by a given class of diagrams has been appealing. For the
alternating case, it has been well known that alternating diagrams represent the unknot or
a splittable link only in trivial ways.
Theorem 1.1. If an alternating knot diagram D has no nugatory crossings, then the
represented knot is non-trivial.
Here, a nugatory crossing is one which is illustrated in Fig. 3(1). There have been several
algebraic and geometric proofs for this theorem, and it can also be induced respectively
from the following theorems.
Theorem 1.2 [4,11]. Every Seifert surface obtained by applying Seifert’s algorithm to
alternating diagrams is of minimal genus.
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Fig. 1. The tangle L1 is turned upside-down so that the crossing to its left is removed by untwisting
and a new crossing is created to its right.
See [6] for a simple geometric proof.
Theorem 1.3 [10]. Given two reduced prime alternating diagrams of a knot/link, it is
possible to transform one to the other by a sequence of flypes, where a flype is a move
described in Fig. 1.
As for the splittability of links represented by alternating diagrams, Menasco has
obtained the complete answer as follows.
Theorem 1.4 [9]. If an alternating link diagramD is connected, then the represented link
is non-splittable.
The notion of the almost alternating links was introduced in [1], by Adams et al.
Definition. A knot or link is almost alternating if it is not alternating and is represented by
an almost alternating diagram, i.e., a non-alternating diagram which is made alternating
by changing one crossing. The specific crossing which makes the diagram non-alternating
is called the dealternator.
Example. The knot 819 is known to be non-alternating. Hence Fig. 2 shows that the knot
819 is almost alternating.
As for the triviality and splittability of almost alternating links, the following conjecture
is believed.
Conjecture. Let D be a connected almost alternating diagram for a knot K or a link L.
If D has none of (1), (2) and (3) in Fig. 3 modulo flypes, then K is non-trivial or L is
non-splittable.
Shimokawa [12] presented the conjecture for the knot case, and then Yamamoto [15]
revised and proved it for 2-bridge almost alternating diagrams. Adams et al. pondered over
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Fig. 2.
Fig. 3. The number of the crossings can be apparently reduced.
the splittability in [2]. See also Tsukamoto’s article [14] surveying the latest variations of
conjectures.
In [9], Menasco introduced the machinery of crossing balls and the standard position
of surfaces in the link exterior, which has since been developed and played an important
role in many papers. (See for example [1,7,13].) It is also useful for the study of almost
alternating links. We, however, induce our results adopting different techniques. We use
canonical Seifert surfaces and their dual graphs.
This article is organized as follows: In Section 2, all results are stated. We give a
sufficient condition for an almost alternating diagram to represent a non-trivial knot or a
non-splittable link (Corollary 2.2), and determine the ‘special’ almost alternating diagrams
which represent the unknot or a splittable link (Theorems 2.3 and 2.4). Theorem 2.1
is essential to prove them. In Section 3, we prove Corollary 2.2, Theorems 2.3 and 2.4
assuming Theorem 2.1. Finally in Section 4, we give a proof of Theorem 2.1.
2. Statement of results
Let D be an unoriented link diagram. Fix an orientation of D, and denote the oriented
diagram by D˜. A Seifert surface F is called a canonical Seifert surface of D˜ if it is obtained
by applying Seifert’s algorithm to D˜. Note that generally the algorithm does not uniquely
present a surface even when an orientation is fixed. (That corresponds to the duality with
respect to the Murasugi sum. See [8].)
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Fig. 4. A compressible canonical surface and its dual graph, which has a d-cycle.
The dual graph G(D˜) of an oriented diagram D˜ is defined as follows: Let F be a
canonical surface of D˜. Recall that F consists of disks together with half-twisted bands
connecting them. Then the vertices (respectively edges) of G(D˜) correspond to the disks
(respectively half-twisted bands) of F . Note that this is well-defined. Indeed the Murasugi
sum of surfaces corresponds to the vertex sum of the dual graphs, thereforeG(D˜) does not
depend on the choice of canonical surfaces. If D is almost alternating, the corresponding
edge in G(D˜) to the dealternator of D˜ is also called the dealternator. Note that G(D˜)
depends on the orientation of D.
From now on, we assume diagrams are oriented unless otherwise specified.
Theorem 2.1. Let D be an oriented almost alternating diagram. If a canonical Seifert
surface F of D is compressible, then G(D) has an edge ε such that the union of ε and the
dealternator is a loop of G(D).
Definition. The above loop of G(D) is called a d-cycle.
Remark. As remarked above, generally canonical surfaces are not unique (up to isotopes).
Some of them may be compressible and others may not.
Example. Fig. 4 illustrates an almost alternating diagram whose (unique) canonical
surface is compressible. (Fig. 9 will indicate a compressing disk for the surface.)
Theorem 2.1 yields the following corollary.
Corollary 2.2. Let D be a connected, reduced almost alternating diagram. If G(D) has
no d-cycle, then the represented knot or link is non-trivial and non-splittable.
By using Theorem 2.1, we determine which special almost alternating diagrams
represent the unknot or a splittable link.
Definition. We say an unoriented diagram D is special if, for some orientation of D,
one of the checker-board surfaces coincides with a canonical Seifert surface of D˜. (See
Definition 13.14 of [3].) In other words, among Seifert circles of D˜, there is no Seifert
M. Hirasawa / Topology and its Applications 102 (2000) 89–100 93
Fig. 5. Fig. 6.
circle that contains another Seifert circle in both of its complementary regions. An oriented
diagram is special if the orientation of it satisfies the above condition.
Remark. If an oriented diagramD is special, the canonical surface is uniquely determined
as the oriented checkerboard surface of D.
Theorem 2.3. A reduced, special almost alternating diagram D represents the unknot if
and only if D is a pretzel knot diagram P(x, y, z) such that xy =−1 and z is odd.
Theorem 2.4. A connected, reduced, special almost alternating diagram D represents a
splittable link if and only ifD comes from the projection as in Fig. 6, where the dealternator
comes from one of the double-points p and q .
3. Proofs of Corollary 2.2, Theorems 2.3 and 2.4
In this section we show what follows from Theorem 2.1.
Proof of Corollary 2.2. Let F be an arbitrary canonical Seifert surface for the knot (or
link) L(D).
Claim 1. If L(D) is trivial, then F is compressible.
Proof. Let E be a spanning disk for L(D). Since D is reduced and almost alternating, F
is not isotopic to E. If F ∩E = L(D), then we can make a compressing disk for F which
is parallel to E. If F ∩E 6= L(D) after every possible isotopy of S3 respecting L(D), then
an innermost component of F ∩E in E bounds a compressing disk for F . 2
Claim 2. If L(D) is splittable, then F is compressible.
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Fig. 7.
Proof. Let S be a separating 2-sphere in S3 for L(D). Then even after every possible
isotopy of S3 respecting L(D), F ∩ S 6= ∅, for D is connected and hence so is F . An
innermost component of F ∩ S in S bounds a compressing disk for F . 2
Therefore if L(D) is trivial or splittable, then by Theorem 2.1,G(D) has a d-cycle. 2
Proof of Theorem 2.3. Let D be an oriented, reduced, special almost alternating
special diagram for the unknot, and F the canonical Seifert surface. As in the proof of
Corollary 2.2, F is compressible and hence, by Theorem 2.1, appears as in Fig. 7(a). Then
by a flype and a Reidemeister II move, we obtain an alternating diagramD′ forL(D). Since
D′ is alternating and L(D) is the unknot, by Theorem 1.1, D′ is reduced to the standard
diagram of the unknot by Reidemeister I moves. Therefore G(D′) is a tree. Moreover
since D is reduced, G(D′) is of the form as in Fig. 7(d), having no end vertex (i.e., a
vertex of degree one) within the circle in the figure. Now retracing the above flype and the
Reidemeister II move, we conclude G(D) is as in Fig. 7(c) (up to isotopes of the ambient
2-sphere). The ‘if’ part is trivial. 2
Proof of Theorem 2.4. Let D be an oriented, connected, reduced, special almost
alternating diagram for a splittable link L(D), and F the canonical Seifert surface. As
in the proof of Corollary 2.2, F is compressible, and hence, by Theorem 2.1, appears
as in Fig. 7(a). The components of L(D) split into two groups separated by a splitting
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Fig. 8.
sphere; we draw one group in thick strings and the other in thin strings. We have four
cases according to which strands outside the tangles are of which group, see Fig. 8 (1)–
(4). In each case we obtain, by a flype and a Reidemeister II move, an alternating diagram
D′ which represents a splittable link, hence is disconnected by Theorem 1.4. In case (1),
one group of components are completely contained in a tangle. Then we find a separating
circle for D′ contained in a tangle and hence we find one for D too, a contradiction. In the
following three cases, components of both groups appear outside the tangles. In case (2),
we can also find a separating circle forD, a contradiction. In case (3), there is no separating
circle for D′, a contradiction. Finally case (4) is the only case where D′ is disconnected
and D is connected. Here D′ appears as in Fig. 8(4). The ‘if’ part is trivial. 2
4. Proof of Theorem 2.1
The following lemma is sufficient to prove Theorem 2.1 in a limited case.
Lemma 4.1. We may assume D is connected, reduced, prime, special and almost
alternating.
Proof. Let D be an almost alternating diagram with a compressible canonical surface F .
From D we construct a connected, reduced, prime, special almost alternating diagram D′
such that the canonical surface of D′ is compressible and that if G(D′) has a d-cycle, then
so does G(D). Suppose D is disconnected. By Theorem 1.2, alternating components span
incompressible canonical surfaces, therefore the almost alternating component D′ spans
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a compressible surface. We delete the alternating components. Suppose D is reducible.
Considering the orientation near a nugatory crossing, we see that untwisting F by isotopes
of S3 corresponds to reducing the nugatory crossing. Therefore the surface remains
canonical and compressible after reduction. Suppose D is non-special. Then F has a
structure of the Murasugi sum along a nesting Seifert circle, i.e., F desums into canonical
surfaces of an alternating diagram and of an almost alternating diagram D′. The former is
incompressible by Theorem 1.2, and the latter is compressible by Theorem 4.2 of Gabai
below. The prime decomposition also corresponds to the Murasugi decomposition (along
a 2-gon). Reducing a nugatory crossing corresponds to reducing a cut-edge to a point and
the Murasugi sun corresponds to the vertex sum of graphs, hence if G(D′) has a d-cycle,
then it must have been inherited from G(D). 2
Theorem 4.2 [5]. The Murasugi sum of two incompressible surfaces is incompressible.
In the following, we denote the dual graphG(D) simply byG. We prove our theorem by
induction on the number of the crossings of such diagrams, i.e., the number of edges of the
dual graph. If the number of the crossings is two, the dual graph is a cycle of length two,
and the theorem is trivial. Now assume that the theorem holds for diagrams with less than n
crossings. LetD (on the level 2-sphere S2) be an oriented, connected, reduced, prime, spe-
cial almost alternating diagram with n crossings and F the canonical surface of D with a
compressing diskE. Now, supposeG has no d-cycle, i.e.,G offers a counterexample to our
theorem for the integer n. Then we constructG′ fromG which offers a counterexample for
an integer smaller than n, and thus complete the proof. LetN = F ×[−1,1]/∼, where ‘∼’
pinches ∂F × [−1,1] to ∂F . Push F ∪E out of int(N) so that F ⊂ ∂N and E ∩N = ∂E.
Let U = S2 \ (intN ∪ S2), a union of disks. Now the loop ∂E in F corresponds to a loop
` in G, for G is a spine of F . We may assume ` is a cycle with no switchbacks, i.e., con-
secutive edges of the loop are distinct in G, and we may also assume that E ∩U consists
of proper arcs, for we can remove each innermost circle component. Then each arc γ of
E ∩ U corresponds to an arc γ ′ such that G ∩ int(γ ′) = ∅ and that γ ′ connects middle
points of distinct edges of G contained in `. Such arcs are called pairing arcs.
Convention.
(1) The disks of U are named A, B , C, etc. Suppose we naturally put G on F (in ∂N )
so that each edge ofG penetrates one of the above disks exactly once. We label each
edge of G as follows (see, for example, Fig. 11): When an edge of G penetrates a
disk X, assign the edge the letter x , and then give every edge of G a letter that way.
We write the assigned letter to the right or the left side of the edge according to
which side of the edge a pairing arc lies (whenG is naturally projected to S2). Note
that each pairing arc connects edges of G assigned with the same letter.
(2) Let ` be a cycle in G, then ` is endowed with a cyclic word, denoted by w(`) as
follows: Fix an orientation of ` and assign each constituent edge of ` a letter, but
now that each edge is directed, assign x when it penetrates X from the positive to
the negative side of S2, and x otherwise. Note that if ` corresponds to the boundary
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Fig. 9. Left: Labeling of G(D) in Fig. 4. Right: Each edge in ∂E corresponds to an edge in G(D).
Each arc in E comes from E ∩ S2 and the associated numbers indicate the level of each arc.
Fig. 10.
of a compressing disk of F , then w(`) is not empty, and contracts to 1 following the
rule that x x = 1.
(3) The disk of U which the dealternator meets is named A, i.e., the dealternator is
labeled a.
(4) We inductively define levels to the pairing arcs giving the outermost ones the level 1.
(See Fig. 9.)
Example. Fig. 9 illustrates an example of a compressing disk E for the surface in Fig. 4.
The word w(`) = b a a b a a c a a b a a b c= 1, where ∂E is clockwise oriented.
Lemma 4.3. Each pairing arc of level 1 connects the dealternator to an edge adjacent to
the dealternator.
Proof. Suppose the contrary, i.e., there is a pairing arc δ of level 1 that connects non-
dealternators in G. Since G has no switchbacks, the two edges paired by δ are distinct.
Then, it is clear, by definition, that two edges are adjacent, sharing a vertex, say, v of G.
Since the two edges are not dealternators, δ meets them on the opposite sides. (See Fig. 10.)
Therefore v is a cut vertex, which contradicts the assumption that D is prime. 2
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Fig. 11.
Lemma 4.4. The compressing disk E has a pairing arc of level 2.
Proof. Suppose the contrary. Let ` be the loop in G corresponding to ∂E. Then by Lem-
ma 4.3, the word w(`) consists of only a and a. Let e1 and e2 be edges of ` paired by
a pairing arc of level 1, where e2 is the dealtenator. Since G has no d-cycle, e1 and e2
share exactly one vertex, and hence ` has another edge e3 adjacent to e2 with label a or a.
However, since e2 and e3 share exactly one vertex, e3 cannot be paired, a contradiction. 2
Lemma 4.5. G appears as in Fig. 11(c). Here the dealternator of G is drawn as a thick
line and other edges as thin lines, and the shaded regions contain the rest of G.
Proof. By Lemma 4.4, there exists a pairing arc of level 2, which appears as in Fig. 11(b).
Recalling that G∩ int(pairing arcs)= ∅, we obtain the illustration. 2
We see that the checkerboard surface F corresponding to G has a plumbing structure
and desums into two surfaces F1 and F2 corresponding to G1 and G2 in Fig. 12. (In this
case non-alternatingness of D is essential.) A small isotopy shows that the surface F1 is
a canonical surface of a special alternating diagram (whose dual graph is G′1 obtained
from G1). By Theorem 1.2, F1 is incompressible. Then as Theorem 4.2 assures, F2 is a
compressible canonical surface of a special almost alternating diagram with less than n
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Fig. 12. Apply a Reidemeister II move to the diagram of G1 to eliminate the dealternator and obtain
an alternating diagram G′1.
Fig. 13. The vertical edge is the dealternator. The signs of vertices come from the orientations of the
corresponding Seifert circles.
crossings. The dual graphG2 has no d-cycles, for neither does G. By reduction and prime
decomposition, if necessary, we obtain an counterexample for an integer less than n, hence
a contradiction to the assumption of induction.
Remark. Lemma 4.4 assured the existence of a pairing arc of level 2. Further examina-
tions determining the behaviors of pairing arcs of level 2 assure the existence of a pairing
arc of level 3 which appears as in (a) or (b) of Fig. 13, where paring arcs of level < 3 are
drawn as broken lines. Eventually we see that if G has no d-cycles, then we need pairing
arcs of an infinitely deep level to establish a loop contractible in S3 \ int(N), which would
give an alternative proof to Theorem 2.1.
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